Femtosecond bunch is a hot topic in the present world accelerator research community. The high peak current bunch will lead to the beam breakup phenomenon. In this paper, the scaling law with current for the single ultrashort bunch beam breakup in the radio frequency linear accelerator is proposed and obtained. The scaling power factor is roughly estimated to be 1/6, 1/6 and 1/3 for the geometry wake, the surface roughness wake and the resistance wake respectively.
Introduction
Beam breakup ( BBU ) [1] is a very popular subject in the radio frequnecy linear accelerator community, particularly for the high current relativistic electron beam. Collective instability arises for the bunched beam in the radio frequency linac, the pulsed beam in the induction linac, in the large-scale free-electron laser, and in the international linear collider. Many methods have been proposed to control BBU. With the developments of the X-ray free electron laser ( XFEL )[2, 3, 4] and the international linear collider ( ILC ), there is a trend to study the femtosecond bunch technique. The present level of our electron gun can not satisfy the requirements of XFEL and ILC. Usually we use the bunch compressor[2, 3] to get the femtosecond bunch. The peak current increases very much in bunch compressing and will lead to the beam breakup of the short bunch. In the past, A.Chao [5] , B.Richter and C.Y.Yao first set up the basic equation for the transverse beam dynamics in RF Linac. Yokoya [6] , Y.Y.Lau [7] , J.Delayen [8, 9] , Zimmermann [10] , K.Y.Ng [11] , J.-M.Wang [12] , and Whittum [13] have done some analytical works about the single bunch and the multibunch BBU. In this paper, we discuss the single ultrashort bunch BBU and propose to give an approximate scaling law with the beam current in such machine for the single ultrashort bunch BBU.
Tranverse motion equation for the single bunch BBU
Beam break up ( BBU ) phenomenon is an old research topic in RF linac field and was first observed in 1957 [1] . BBU is related to the dipole mode in the accelerating structure. BBU is also called the beam pulse shortening phenomenon and often occurs in the multibunch operation mode. The tail bunch in the bunch train is deflected by the dipole mode excited by the front bunch in the bunch train and is blown out. While, in case of the single bunch BBU, the tail part of the bunch is deflected by the head part of the bunch.
In case of the single bunch, the transverse motion equation [5] for the beam centroid X(z, ξ) is expressed as
where ξ = t − z/c is the distance along the beam and varies from zero at the head to the beam pulse length, t is the time, z is the longitudinal position along the linac, c is the light velocity, W (ξ) is the point Green wake function, ν = I/I A is the Budker parameter, I is the beam current, and I A is the Alfven current.
3
The point charge wake( Green function ) for the ultrashort bunch
The charged particle beam interacts with its vacuum chamber surroundings electromagnetically. The electromagnetic field left behind by the bunch is called wakefield [14, 15] . The wakefield of the short bunch is difficult to get, and is extensively studied. Usually, we first get the wakefield of the point charge, and then use the integration to get the wakefield of the bunch made of point charges. In this paper, we consider three kinds of wakefields: the geometry wakefield, the surface roughness wakefield and the resistance wakefield. The transverse geometry wakefield at zero point is estimated as
In case of the ultrashort bunch, we can cut Taylor expansions to the first order to have a well approximate point Green geometry wake function [14] as
where Z 0 is the free space impedance, c is the light velocity and a is the vaccumm chamber radius.
As for the surface roughness wakefield [10] , the point Green longitudinal wake caused by the dieletric layer or the surface roughness is
where
2 , δ is the width of the layer, ε = 2 for the surface roughness. The corresponding longitudinal impedance is then
Using Panofsky-Wenzel theorem, we have Z T (k) = 2Z L (k)/ka 2 . The transverse point Green wake is
In case of the ultrashort approximation, the point Green surface roughness wake is also well approximated as
In comparision with the geometry case, formula (7) is half of the formula (3) and has the same form. Finally, we use the following transverse resistant point Green wake [15] in case of the short bunch roughly,
where σ is the conductivity. Actually, the Green function near the zero point has the transient oscillating characteristic. We adopt the solution above from the negative direction along the coordinate axis.
Scaling law
In case of the geometry wakefield, we use the point Green wake W 1 (ξ) and suppose X(z, ξ) = Im(χ(z, ξ)exp(ik(ξ)z).
Using the simple linear accelerating case γ = γ 0 + Gz ( G is the accelerating gradient ), we can get the equation for χ(z, ξ)
We take the Laplace transformation of χ toχ = L[χ] and get the following equation
The solution ofχ is
Then, we get the solution of X as
, and
Finally we use the steepest descent method to obtain
After some managements, we can write a simple scaling law formula from the complex expression as
where b is a constant and can be determined by the machine study. From the formula above, we can see that X increases with the increasing of the bunch current I, and the scaling power factor is estimated to be 1/6 roughly. We note that Yokoya [6] included the same power factor in a different complex expression. BBU occurs when X is bigger than the beam pipe radius. Further, in case of the surface roughness wakefield, we use the point Green wake W 2 (ξ) and will get the similiar result with the threshold value half of the geometry wakefield case. The scaling power factor is also estimated to be 1/6.
Finally, in case of the resistance wakefield, using the point wake W 3 (ξ) roughly, we obtain
From θ ′ (p) = 0, we get p = (− . We can also get from formula (15)
b 1 is a constant related to the machine study. Then, the scaling power factor is roughly estimated to be 1/3 in case of the resistance wakefield.
